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Abstract

The potential advantages of the higher-order resonant modes of a low-pass birdcage coil for parallel imaging are investigated using
FDTD simulations in a spherical phantom. Better parallel imaging performance can be achieved in axial planes than in sagittal planes. If
more modes are employed, the average g-factor (gmean) and maximum g-factor (gmax) will be improved for a specific acceleration factor
(R). G-factor performance at 3 T (gmean = 1.79, gmax = 3.55) and 7 T (gmean = 1.60, gmax = 2.45) can be achieved even with an acceler-
ation factor as high as four when all six order modes of 12-rung low-pass birdcage coil are incorporated for imaging on a mid-axial plane.
For a specific number of channels, the optimum combination of corresponding modes can be obtained for different acceleration factors.
Based on the g-factor and SNR performance, the total degenerate multi-mode birdcage coil with six order resonant modes has better
homogeneous coverage and SENSE performance than the 8-element phased array coil, although requiring fewer channels. In addition,
the dielectric effects at high field can improve the parallel imaging performance.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In parallel imaging methods, such as sensitivity encod-
ing (SENSE) [1] and simultaneous acquisition of spatial
harmonics (SMASH) [2], signals from multiple surface
coils are acquired simultaneously to reduce acquisition
time dramatically without significant sacrifices in spatial
resolution or signal-to-noise ratio (SNR). These methods
capitalize on the different spatial sensitivity of each array
element for spatial encoding. The drawback of using sur-
face coils is that the sensitivity of a surface coil decreases
with depth into the human tissue. Sometimes, homoge-
neous coverage of volume coils, such as birdcage coil [3],
TEM coil [4] and microstrip volume coil [5], is preferred
in clinical applications. However, the excellent homogene-
ity of their operational mode can not provide the addition-
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al spatial information needed for SENSE and SMASH
reconstruction. The higher-order modes of the volume coils
have different sensitivity magnitude and phase profiles
from the uniform mode. These different sensitivity profiles
of each mode can be used for parallel imaging.

Generally, there are N/2 resonant frequencies for an
N-rung low-pass birdcage coil [3]. Each resonant frequency
is related with two orthogonal degenerate modes, which are
defined as the same order mode in this work. Therefore
there are N/2 order modes for an N-rung low-pass birdcage
coil. A standing wave in the low-frequency mode (first
mode) generates currents in straight segments proportional
to cosine function of the cylindrical coordinate azimuthal
angle, which can produce a homogeneous RF magnetic
field (B1) inside the coil. Higher-order modes produce
increasingly less homogeneous B

*

1 field as the number of
order increases. Therefore, the first mode of the low pass
birdcage coil is mostly used in common MRI applications.
Actually the higher-order modes of a birdcage coil also can
be used for MR imaging. Sprenger demonstrated that the
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second mode of low-pass birdcage has a characteristic sim-
ilar to a ‘‘wrap around’’ surface coil [6]. The B

*

1 field mag-
nitude of second mode is proportional to the radius. In
addition, the second order does not couple to the center
of the subjects, so it has higher SNR at the periphery of
the subject than the first order of the birdcage. Wong also
proposed a method which can simultaneously acquire data
in both the first mode and the second mode of an 8-rung
low-pass birdcage coil at the same frequency, and a gain
of 10–40% in SNR was achieved around the periphery of
the sample [7].

If the birdcage coil is totally degenerate, all the modes
can be resonant at the same frequency. Lesser rendered
an 8-rung bandpass birdcage coil degenerate and used it
as a phased array [8]. Due to spatially different sensitivity
profiles of each mode, these modes have potential for par-
allel imaging. The standard homogeneous mode (first
mode) and the first gradient mode (second mode) of an
eight-rung low pass birdcage coil have been applied for
SENSE imaging at 1.5 T successfully [9], and 2-fold accel-
eration was achieved with the average g-factor of 1.55.

In this study, the potential advantage of using higher-or-
der modes of a 12-rung low-pass birdcage coil for parallel
imaging is investigated at 3 and 7 T. Since more modes
are employed, the improved performance of parallel imag-
ing is expected.
ig. 1. A 12-rung (20-cm i.d., 21-cm length) low-pass birdcage coil are
odeled in XFDTD. The driving voltage source is placed at the middle of

ach rung. The phantom having electric properties of average brain tissue
is an 18 cm diameter sphere.
2. Methods

The finite difference time domain (FDTD) method is
normally used to solve for electromagnetic fields which
interact with objects with irregular geometries [10]. This
method can deal with difficult issues of non-regular bound-
ary condition with high accuracy [11]. Here, the FDTD
method was used to calculate electrical and magnetic fields
in samples (sensitivity profile of each resonant mode)
through time-dependent Maxwell’s curl equations at the
resonant frequencies of 128 and 300 MHz,

r� E ¼ �oB=ot; ð1Þ
r �H ¼ oD=ot þ rE; ð2Þ
where E and H are the electric and magnetic field inten-
sities. B, D and r refer, respectively, to the magnetic flux
density, the electric flux density and electric conductivity.
All electromagnetic fields were calculated by using the
commercially available software XFDTD (Recmom,
Inc., State College, PA), whereas the post-processing of
the electromagnetic field data for calculating circularly
polarized component of the RF magnetic field (B1) were
performed by using home-made MATLAB program. To
minimize the errors caused by stair stepping, the Yee
cells, which are the basic elements of 3D meshes in
FDTD method, were chosen as 2 mm in each dimension
to fully characterize the structure of the coils. A region
of interest (ROI), 26 · 26 · 28 cm3 is divided into a mesh
of 2,366,000 Yee cells. Based on the Courant stability
condition, the time step should satisfy Eq. (3) for cubical
cells:

Dt 6 ðDxÞ=ðc
ffiffiffi
3
p
Þ; ð3Þ

where Dt, Dx and c are time step, Yee cell side dimension
and light speed in free space respectively. Here, the time
step was 3.85 ps as the tradeoff between accuracy and com-
putation time. The simulation was run for 100,000 steps to
ensure that the steady state was reached. The Liao bound-
ary condition [12] was used for the outer boundary trunca-
tion of the grid. A 12-rung low-pass birdcage coil (20-cm
i.d. and 21-cm length) was modeled in the ROI. The con-
ductivity of copper (5.95 · 107 S/m) was assigned to the
coil cells. The phantom was modeled by a sphere with
18 cm diameter (relative permittivity er = 63.025, conduc-
tivity r = 0.464 S/m at 128 MHz and er = 51.898,
r = 0.553 S/m at 300 MHz) which mimics the average
brain tissue [13]. Voltage sources has been used to model
capacitors [14,15] and it has proved accurate up to
128 MHz for a bandpass birdcage coil [15]. Here, voltage
sources were placed at each rung to model capacitors and
driving ports. To decrease the electrical length of unbroken
conductors in calculation at 300 MHz (7 T), every two
additional voltage sources are placed on both sides of each
rung, which are close to the end-rings (about 1 cm). In
other words, each rung contains three voltage sources with
the same amplitude and phase for 7 T calculation. The
modeled coil and sample for 3 T calculations are illustrated
in Fig. 1.

It is assumed that the signal is received in quadrature for
every order mode (or two orthogonal degenerate modes).
Then the sensitivity profile of each order mode can be
F
m
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Table 1
The initial phases (in degree) of each voltage source for each order mode

Voltage source 1 2 3 4 5 6 7 8 9 10 11 12

1st Mode 0 30 60 90 120 150 180 210 240 270 300 330
2nd Mode 0 60 120 180 240 300 0 60 120 180 240 300
3rd Mode 0 90 180 270 0 90 180 270 0 90 180 270
4th Mode 0 120 240 0 120 240 0 120 240 0 120 240
5th Mode 0 150 300 90 240 30 180 330 120 270 60 210
6th Mode 0 180 0 180 0 180 0 180 0 180 0 180

Table 2
Average g-factors (gmean) and maximum g-factors (gmax) of different
acceleration factors (R = 2, 3, 4, 5, and 6) by using different modes
combinations for imaging on the mid-axial plane at 3 T

R Modes (1,2) (1,2,3) (1,2,3,4) (1,2,3,4,5) (1,2,3,4,5,6)

2 gmean 1.2549 1.0830 1.0372 1.0289 1.0285
gmax 2.4629 1.4491 1.1414 1.0836 1.1173

3 gmean 1.8022 1.3457 1.2196 1.1880
gmax 5.2836 2.4667 1.6320 1.5625

4 gmean 3.1427 1.9931 1.7978
gmax 12.1212 5.1846 3.5531

5 gmean 5.6930 4.1331
gmax 34.7194 15.5743

6 gmean 9.1728
gmax 64.4726
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estimated by driving the loaded coil in quadrature with the
specific voltage sources setting. In particular, all the voltage
sources have the same unit amplitude, and the initial phas-
es of each voltage source for each order mode are given by

hm;n ¼
360

N
mðn� 1Þ; ð4Þ

where N is the number of rungs in the low-pass birdcage,
hm, n (in degree) is the initial phase of the voltage source
in the nth rung (1 6 n 6 N) for the mth order mode
(1 6 m 6 N/2). In this work, N = 12 and the phases of each
voltage source for each order mode at the initial time are
set as in Table 1.

Then the phases of voltage sources at the first mode
(m = 1) are the cylindrical coordinate azimuthal angles.
For the highest order mode (m = 6), the adjacent rungs
have currents equal in magnitude but of opposite phase.

The positive (Bþ1 Þ and negative (B�1 Þ circularly polarized
magnetic field component were calculated as [16].

Bþ1 ¼
B1x þ iB1y

2
; ð5Þ

B�1 ¼
ðB1x � iB1yÞ�

2
; ð6Þ
Fig. 2. Magnitude of ðB
*
�
1 Þ
� fields (shown in A row and normalized) and phase o

the 12-rung low-pass birdcage coil at 3 T. (a) the mid-axial plane (b) the mid-
where B1x and B1y are x- and y-oriented RF magnetic fields
created by the coil driven in quadrature. Here, i is the imag-
inary unit and their imaginary components are 90� out of
phase in time with real ones. The asterisk denotes a com-
plex conjugate. Bþ1 is assumed as the component that
rotates in the same direction as the nuclei. ðB�1 Þ

�can be
taken as sensitivity of the coils by the principle of reciproc-
ity [16]. Here, the ðB�1 Þ

� fields of each mode are calculated
f ðB
*
�
1 Þ
� fields (shown in B row, range from �p to p) for six order modes of

sagittal plane.



Fig. 3. Geometry factor maps of different acceleration factors (R = 2, 3, 4 and 5) with all six order modes employed for imaging on the mid-axial plane.
SENSE direction was transverse. Color bar gives numerical values associated with gray shades.
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from two sets of transient B1 fields (calculated by FDTD
method) which are a quarter period apart in time.

Geometry factor (g-factor) describes the ability with a
given coil configuration to separate pixels superimposed
by aliasing, and it is regarded as an important criterion
for the design of RF coils for parallel MRI. Generally,
the less the g-factor is, the better parallel imaging perfor-
mance the coil has. G-factor is always at least equal to
one and can be calculated through Eq. (7) [1]:

gq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðSHw�1SÞ�1
� �

q;q
ðSHw�1SÞq;q

r
P 1; ð7Þ

where S is the reformatted coil sensitivity matrix, q is the
index of the voxel within the set of voxels to be separated;
and SH denotes the transposed complex conjugate opera-
tion. Here, the receive noise correlation matrix W was
approximated by pairwise summing the scalar products
of the sensitivities over N equidistant locations within the
sample [17];

wc;c0 ¼
XN

i¼1

BcðriÞ � Bc0ðriÞ; ð8Þ

where ri denotes the position of the pixel i and Bc denotes
the spatial sensitivity of the coil c. The geometry-related
noise enhancement with respect to full Fourier encoding is:

ffiffiffip

NSENSE;q ¼ N full;q � gq � R; ð9Þ
where

N full;q ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðSHw�1SÞq;q

q
Þ�1
: ð10Þ

Generally, SENSE method incurs a loss in SNR due to
both reduced imaging time (acceleration factor, R) and coil
geometry (g-factor) [18]. The SNR for accelerated parallel
imaging using the SENSE method can be calculated as

SNRSENSE ¼
SNRopt

g
ffiffiffi
R
p ; ð11Þ

where g is g-factor, R is acceleration factor and SNRopt is the
SNR for B1 weighted optimum phased array combining [19].
The spatially varying g-factor represents the loss in SNR due
to ill-conditioning of the matrix inverse, which depends on
the acceleration rate, the number of coils (or modes of one
coil), specific coil sensitivity profiles, slice orientation and
phase encoding direction.

3. Results and discussion

3.1. Evaluation of higher-order modes of birdcage coil at 3 T

The ðB
*
�
1 Þ
� field magnitude and phase distributions of the

12-rung low-pass birdcage coil’s six order resonant modes
are illustrated in Fig. 2 when we assume all modes are res-
onant at the same frequency (128 MHz).

The ðB
*
�
1 Þ
� field magnitude distribution of the first mode

is much more homogeneous than those of other order



Table 3
Average and maximum g-factor for different acceleration factors (R = 2,
3, 4 and 5) with all six order modes employed for imaging on the mid-
sagittal plane (several exceptional points were removed) at 3 T

Acceleration factor (R) 2 3 4 5

Average g-factor 2.726 12.859 27.386 63.873
Maximum g-factor 17.959 34.443 452.314 987.621
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resonant modes. And the higher-order modes produce
increasingly less homogeneous ðB

*
�
1 Þ
� field as the number

of order increases. However, the higher order modes have
higher sensitivity at the periphery of the spherical phantom
than the first order mode. The phase distribution of each
mode is also different, which may provide benefits for
parallel imaging.

The mean g-factors (gmean) and maximum g-factors
(gmax) by using different modes combinations for imaging
on the mid-axial plane are listed in Table 2. It is shown that
when more modes are employed, the average g-factor and
maximum g-factor will decrease for a fixed acceleration
factor.

When all six order modes are employed for parallel
imaging, the geometry factor maps (g-factor map) at differ-
ent acceleration rates are shown in Fig. 3 (mid-axial) and
Fig. 4 (mid-sagittal), and the corresponding detailed infor-
mation about the g-factor maps are listed in the Table 2
(last column) and Table 3, respectively.

Because of the symmetry of the birdcage coil, the
SENSE-encoding direction can be any direction on the axi-
al plan for axial imaging. For imaging on a sagittal plane,
SENSE direction can be along longitudinal direction
besides transverse directions. Here, we set SENSE direction
as transverse for the axial plane and the sagittal plan.

According to Figs. 3 and 4, the distinct bright areas
(with high g-factors) lie in the center of the folded FOV,
Fig. 4. Geometry factor maps of different acceleration factors (R = 2, 3, 4 and
SENSE direction was transverse. Color bar gives numerical values associated w
the same (white) color.
reflecting unfavorable sensitivity relations. Note that in
these maps the object borders are reflected by characteristic
contours due to the exclusion of pixels outside the sample.
For imaging on the mid-axial plane, the average g-factor is
still less than 1.8 and maximum g-factor is about 3.55 even
the acceleration factor up to four when all six order reso-
nant modes are used. If R > 4, the g-factor increases
dramatically. In Ref. [20], while eight rectangular loops
were positioned on a cylinder in simulation, the average
g-factor is 6.11 for an acceleration factor of 4 within a
head-sized phantom. It is much higher than the gmean of
1.79 obtained in this work. This demonstrates that the six
order resonant modes may have better SENSE perfor-
mance than the 8-element phased array coil, although
requiring fewer channels.

For imaging on the mid-sagittal plane, the g-factor per-
formance is much worse than imaging on the mid-axial
plane. Even if the acceleration ratio is 2, the average g-fac-
tor of imaging on the mid-sagittal plane is 2.73 and the
5) with all six order modes employed for imaging on the mid-sagittal plane.
ith gray shades. Values above maximum value in scale are represented with



Fig. 5. Noise maps in the mid-axial plane. (a) The noise distribution for full Fourier encoding Nfull (b) The geometry-related total noise distribution for
SENSE with R = 4 (NSENSE).

Fig. 6. Normalized SNR distribution for full Fourier encoding.

Table 4
Average and maximum g-factors of different acceleration factors (R = 2, 3
and 4) by selecting four modes out of all six order modes for imaging on
the mid-axial plane at 3 T

Modes R = 2 R = 3 R = 4

gmean gmax gmean gmax gmean gmax

(1,2,3,4) 1.0372 1.1414 1.3457 2.4667 3.1427 12.121
(1,2,3,5) 1.0480 1.1086 1.3334 1.9369 2.8492 62.581
(1,2,3,6) 1.0578 1.1914 1.3888 2.6105 2.9106 71.037
(1,2,4,5) 1.0707 1.2334 1.3537 2.8562 2.2955 10.241
(1,2,4,6) 1.0663 1.2007 1.4606 20.7085 3.6308 88.154
(1,2,5,6) 1.1367 1.5593 1.5431 3.0565 2.8780 20.588
(1,3,4,5) 1.1346 2.3669 1.4227 8.3733 3.3654 130.908
(1,3,4,6) 1.1316 2.3536 1.4540 7.7298 3.5835 98.807
(1,3,5,6) 1.2247 12.1061 1.7677 42.7057 3.6344 157.489
(1,4,5,6) 1.2649 2.8783 1.9716 12.1952 6.1652 288.914
(2,3,4,5) 1.0636 1.3055 1.4715 2.4898 3.1381 16.115
(2,3,4,6) 1.0679 1.1982 1.4398 2.4419 3.2418 67.575
(2,3,5,6) 1.1125 1.3902 1.5254 4.2813 2.9159 43.606
(2,4,5,6) 1.2336 3.7971 1.7428 13.2582 5.6199 246.793
(3,4,5,6) 1.0830 1.3464 1.5562 6.9606 5.8684 48.871
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maximum g-factor is about 18. This is mainly caused by the
small difference of magnitude and phase of ðB

*
�
1 Þ
� fields on

the mid-sagittal plane between each mode. On the mid-sag-
ittal plane, the ðB

*
�
1 Þ
� field magnitudes at the center of each

mode are small (shown in black in Fig. 2(b)) and close to
each other except for the first mode, and the difference of
ðB
*
�
1 Þ
� field phases is also limited. It is one of the reasons

that the bright lines exist in g-factor maps on the mid-sag-
ittal plan (Fig. 4). On the mid-axial plane, although the
ðB
*
�
1 Þ
� field magnitude between each mode is similar, the

phase of each mode is much different. This characteristic
well satisfies the requirement of signal separation. It illus-
trates the key role of phase in sensitivity encoding [17,21]
and is the important reason for better g-factor performance
of imaging on the mid-axial plane.

The basic noise maps Nfull derived from Eq. (10) and the
geometry-related total noise NSENSE derived from Eq. (9)
with R8 = 4 in the mid-axial plane are illustrated in
Fig. 5. The noise is given in arbitrary units. Compared with
the noise for full Fourier encoding, the total noise of
SENSE (R = 4) is enhanced by a factor of 3.6 on the over-
all axial-plane within the sample according to Eq. (9) when
gmean = 1.8 and R = 4. The region with high noise level is
still located at the center of the sample.

The SNR for full Fourier encoding is inversely propor-
tional to Nfull. It was calculated and shown in Fig. 6. Com-
pared with the Fig. 4 (n = 8) in the Ref. [20], the relative
homogeneous coverage is also better.

In practice, the number of receive channels of a MRI
system is limited. To find out optimal mode combinations
for a specific number of receive channels, we select different
combinations of four modes out of all the six order reso-
nant modes to calculate g-factors for different acceleration
factors. Here, imaging on the mid-axial plane is selected for
calculating g-factors because it has better performance
than imaging on the mid-sagittal plane. The results are
shown in Table 4.

For different acceleration factors (R), the optimum
choice of mode combination may be different. When
R = 2, the combination of modes (1, 2, 3 and 4) has the
lowest average g-factor (gmean = 1.0372). When R = 3,
the combination of modes (1, 2, 3 and 5) has slightly small-
er average g-factor than the combination of modes (1, 2, 3
and 4), and it has much lower maximum g-factor
(gmax = 1.9369) than combination of modes 1, 2, 3 and 4
(gmax = 2.3965). For R = 4, the combination of modes (1,



Fig. 7. Magnitude of ðB
*
�
1 Þ
�fields (shown in A row and normalized) and phase of ðB

*
�
1 Þ
�fields (shown in B row, range from �p to p) for six order modes of

the 12-rung low-pass birdcage coil at 7 T. (a) the mid-axial plane (b) the mid-sagittal plane.
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2, 4 and 5) has better g-factor performance (gmean = 2.2955,
gmax = 10.241) than others. The optimal mode combina-
tions for other number of receive channels can be calculat-
ed in the same way.

3.2. Evaluation of higher-order modes of birdcage coil at 7 T

The ðB
*
�
1 Þ
� field magnitude and phase distributions of the

12-rung low-pass birdcage coil’s six order resonant modes
at 7 T are illustrated in Fig. 7.

Compared with ðB
*
�
1 Þ
� field magnitude and phase dis-

tribution at 3 T, the ðB
*
�
1 Þ
� field magnitude and phase

distributions at 7 T show stronger dielectric resonance
effect.

When all six order modes are employed for parallel
imaging at 7 T, the average and the maximum g-factor
for different acceleration factors (R = 2, 3, 4 and 5) on
the mid-axial plane and the mid-sagittal plane are listed
in Table 5.

The average g-factors and maximum g-factors for 7 T
are remarkably less than those for 3 T. It is shown that
the dielectric effects can decrease the g-factor and increase
the parallel imaging performance at ultra high field.
Table 5
Average g-factor (gmean) and maximum g-factor (gmax) for different
acceleration factors (R) with all six order modes employed for imaging on
the mid-axial plane and mid-sagittal plane (several exceptional points were
removed) at 7 T

R 2 3 4 5

Mid-axial plane gmean 1.0150 1.1191 1.6021 3.1376
gmax 1.2216 1.9402 2.4488 10.0886

Mid-sagittal plane gmean 1.8011 7.7103 20.3302 63.8728
gmax 12.9374 33.4723 310.1126 849.4637
So, there are some advantages of using higher-order res-
onant modes of birdcage coil for parallel imaging, such as
the available higher acceleration factor, arbitrary SENSE
direction on axial plane, especially the better homogeneous
coverage and high SNR at periphery of sample etc. But it is
still a challenge to implement such a totally degenerate
birdcage coil for SENSE imaging, because it is extremely
difficult to tune all resonant modes into same frequency
and receive signal of each channel individually with any
currently used techniques.
4. Conclusions

The potential advantages of higher-order resonant
modes of birdcage coil for parallel imaging is investigated
by evaluating geometric factors and SNR. Based on g-fac-
tor comparison, imaging on a mid-axial plane has much
better parallel imaging performance than imaging on a
mid-sagittal plane. The average g-factor is still less than
1.8 and the maximum g-factor is less than 3.6 even if the
acceleration factor is as high as four when all six order res-
onant modes of a 12-rung low-pass birdcage coil are incor-
porated for imaging on a mid-axial plane at 3 T.
Considering the limitation of the number of channels in
MRI system, the optimized combination of corresponding
modes can be obtained based on different acceleration fac-
tors. Based on the g-factor and SNR performance, the total
degenerate multi-mode birdcage coil with six order reso-
nant modes has better homogeneous coverage and SENSE
performance than the 8-element phased array coil, while
requiring fewer channels. In addition, the dielectric effects
at high field can improve the parallel imaging performance
according to the g-factors evaluation at 3 and 7 T.
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